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key problem in solid siete physics : prove

that typelly systems of interacting pectcles
at lor temperatures form crystelline solds

(aystellation problem).
Prototypical problem , in the cless setting :
Gardu a potential energy VIM)
e= (211 - / In) eR

&N
end

VIq)=jan(qi-ej)
electosiatic potentel, radel,
i.e
., V/q) = y(191) , with y que

#ereruly s
te for

NOTE : The
energy functionVI) is

invariant

under two global continuous symmeties :
· Translations : an)e a+z = /a+E, ...,In+E)
where I is a geneic elementofRd

· ROTATIONS : Ql-Ra= (Rei , -- , RIN) where

R is a generic element of O(d)



In order to define the model in a frite
box
,
sander eg . a tors iof selet La, ...,hed

and let Un(e) = [v/gi-Ej) , wherekijIN

/f)=d /1+ n,4 +-+ndLed)

CRISTALLIZATION PROBLEM : Prove that
, for

an appropriate choice of v , Se, ...,ed] , ne IN

1) For eny LEIN , if N = nLd S the minimum

in min /EM) is realsed by a
aleN

priodic configuration offered by Fanslati
a barc configuration (Ei, ..., &2) on the

elementery all M (ie., gitt j =1, ...,n)

by integr multiples of al..., ed.
2) There exists poso sit , for any paso
5 e, lp), ..., ed(p) , continuat in B , such that

gilp) perto a
and
, letting in be the tors of

erdes Lalp) , .., Lad(p) and/9; a) the
number operator (P(q; @M)= 19-gi, the



functor g(q) := Am Im <Wipnt, (k]

is non-constant and perode under translations

by integr multiples of (p) , .., ed(p).

[du (m),A >B,M,-
indicates the average of

the offermatte 1/Q) with respect to the

offs measure dal e-pVale)-Bewe
where do is the Lbesquemeasureon
end Wald) is a smooth "symmetry backing
potentel" with n1 degenerate nowma basted
of a appropriate positions in the elementary
all 11 (which are continuous deformations of
the ground state positions gi , ..., gi , tending
to these portions as pec) and to the transfe
frows theref by integer multiples of e, (p) , ..., ed(P))
There are surprisingly fer ugorously known
results about tis fundamentel problem
I lmit myself to mention juste couple :



· About problem (1) [Crystalline Ground States] :
-C. Radin /1981) proved that the ground
states of a 25 port che system with poin
interactom potential touhadecurst of Frangular
lattes of hand length1.
- F

.

Thit (2006) extended Radn's result to

Lenmend-Jones-like potentels of the farm :

9

I
where E is suffcently small,#PHP , yM--cit

mets

Yt ... with pipl suffcently large (still in 21)

-Flatley - Thet (2015) proved that the ground
states of a 3D System of patches interacting
we a polential amber to the one considered

byTher in 2006 plas an approprete 3-body

potential form an FCC lette.



· About problem (2) [aystellne stetes of Low
TEMPERATURES] .

- Mennin (1968) proved that in ID the

system connot exhibit long renge postovel
under of a sperofic type (i . e., g(q) cannot be

non-firally perodic) using Bogolulor's ine
quelty
- Fröhlch-Pfster (1981 , 1986) strengthened
Mermain's result by showing that, for potentials,
all Gbbs states e tenslationally- inservant
The result was further extended by Rchthemmer
(2007, 2016) who proved the same for the hard-
- disk model

, among offers.

NOTE : There ugorous results do not exclude

the possibility that 20 patcle systems in the con
tinum etht bug-renge orientational ade.
Theractly solable hamove model actually

predicts existence of rentational oder /end

of postional & orientational ander in d=3),



but it does not account for effects due to the-

presence of dislocations , which are latter

defects interacting we an effective Gulont-
like interections

.
Theyore the mar source

ofafficulty /end of interesting phenomena
in evy proof of exisience of positional/over
rational order in 30/20 (in move on
les velstic models of cystellection).
Dislocations behave a bot lke the vortes of
the XY model

,
with the important ofference

thei the "denges" (i. e., the evelogue of
the winding number in the XYmodel) ore
rectoral here and corespond to the

Burger's nector /I will come back to ths)
In ths perspective , the anywellzekom

problem at positive temperatures can be
translated into a problem of interacting
dislocations (i.e., vortus with "rectorel cayes) :



· at high T , uniqueness of Gibbs
measure and

exponentel decey of crelations should follow
from the screening phenomenon , analgours
to the one in the letterGult gas (poved
by Brydges-Fedenlush 1980 , Yery 1987)
· at lowT

,
order emerges due

to the formation

ofdpoles , in evology with the analys of the
XY model and the Latter Gulomb gar

(Föhlich-Spencer 1981 , 1982) .

The enalysis
suggests :

- Existence of postonel forientatore
order in d=3

- polynomal decay of positional correlations
in d=2 end

, presumetly , exisience of
vientotronch oder /uncer , due to
the formation of "grains", to be discut
und) .



PLAN of these lectures :
· Mernin's proof of absence of positional
order in 20

· Definition of the hermone model and

picture emerying from its solution
· Dislocations and the Koster-Thouless-Hol

pein-Nelson-Young model for a get of
interacting dislocations

Grains
, grain bounderies and

the Read-

Schockley laur /to went or not to vient
in 2D ? )

· The Aisa-Ortis model : definition and

"phenomenology" : dislocations and grerms;
mein results (Giubeni-Thil 2021).
· Proof of men results.



MERMIN's poef of effence of postionalorder
in 2 . Let me curder for somplity the
case of a simple Bravais lette with

hers rectors a
, e2 (e.g ., Frangular lett

ce of lelfa sperg 5 : ar = -(5) , er=S)
Recell : 12= [q : q = Sa + Elez , EvEztton]
with periodic boundry conditions.

Poir potential v/9 :-Ij) stable (i . e .,
V/91 . - - In) > - BN for some BEIRE) , smooth
and suff . fast deceying at infrity /2 . g ,

it is sufficient that 192EWFed+
for some C

, 230 end 191320).
Let Un/11 /N) = [ inlei-Ij) With

1ijIN

(2)=E/1+ nike 1 + r2Lez) ·

In ,+(1) = < W11% ) >pin,- N
writ

Weile ,en))= da-[i)
end >p,n , - He Golfs measure at inverse

temperative B , in the box A= 12 and



with "symmetry tracking potental" EWn(11In)
Where Wa/91 en) = Finale) With wi a d-periodic
function with degenerate minime at meitrees,
e.g . Will = (82(82) + 5/z)) where G,Gr
all the besis rectors of the reprocal letter :

Gi.j = zaSi,j , i,j = 12.
We also let g(q) = U to Sat (1)
/possibly along a subsequence).
We would like to exclude the possibility
that g(e) is periodic by tonlatous by
integer multiples of &1 , E2 , in the following
sense

.
Recell that face is normelsed

to thet Sanjat(f) da = N=L. 2f 9(9)
is non-fixially priodic we thus expect that :

1) For eny hounded function J : B-IR on

B : = 55 . G+Bres : 51. 42+ to,1) 3 and any pao :

Um Jer()/clayo , where In,+(2) : =

N=L-

=SlqSne(1) e=ilgis



end Je is a shortherd notation for t E↳EBr18Y
where Bl = [MG1/ + 12/ : 0Xh ,N2CLy.

2)em20 t Ide Inee) isne

-zu end sit Um 15 (130 for ot bast
Elot

one non-zen rector Geo := Entrate : MittL]
We now prove that (1)+(2) cannot hold, as

a consequence of the following "Bogolinhor's
irequality" (an exemple of on inframed lund) :
< /2: 4: 12: <4 : 24:>12 (k)

EjAVj14i-4jR+EBEiDw + EilEYiR >
Where 4= 419%)

, : = 4/9i) end wi = w(qi)

[The proof of (4) is elementary : just define
A = E: 4i

, B = -p epnE/4: =-PAn)
with In (11 : In) = Vn(qi- en)+ EWn/21- -en),
use Canchy-Schwertz
<AFABinque =

< ) = E Sdgi-dew eponien) ( . ) and,



in the RMS
, integrate by pects once in the

numuctor and twee in the denominator :

· (AB) = -denij(4j e
- pan)

=p [:4:84i <
·Es=den epen Zij Eilgiepan).

·j(4je-Per)
=Jo ..dainteiw)yij(jePP)

- Jog- dan Zij Miciej (jepPr)
①

=Eijitj vin 4 :4j) +EWi
-

+p[: Eventivir kiliitewiFilili)+
+ 122: < 12:4:17
-Ei < figititivin + afii) >
Now:= ze vic (P-4ith) >

ik+i

=<Arr 14 :-YmB >,
from which

, putting things together , the
desred inqualty follows .)



Tomorrow we will show that
, coosing

4 (1) = e-i
(e+6) ·2 and 4(1) = Sin(12)

There EEAs end, at fare volume,

↳= + 122 for some integertO,124)
Bogolinhor's inquality imples an INFRARED

Clower) BOUND of the form :

↓ehttp// Jakht
B

which
,
in turn

, imples that

+ 15/1 = 0 .


